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ABSTRACT 

Starting from the self-dual "triplet" of gravitational instanton solutions in Eu- 
clidean gravity, we obtain the corresponding instanton solutions in string theory 
by making use of the target space duality symmetry. We show that these dual 
triplet solutions can be obtained from the general dual Taub-NUT de Sitter solu- 
tion through some limiting procedure. The dual gravitational instanton solutions 
obtained here are self-dual for some cases, with respect to certain isometrics, but 
not always. 
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Gravitational instantons are the subject of much interest in recent times. They 
are defined to be nonsingular, complete, positive definite (Riemannian metric) 
solutions of vacuum Einstein equations or Einstein equations with a cosmological 
constant term [1] [2]. The existence of such solutions is important in the study of 
quantum theory of gravity [3] . These are analogous to Yang- Mills instantons [4] , 
which are defined as nonsingular solutions of classical equations in four dimensional 
Euchdean space. The Yang-Mills instantons are characterized by self-dual field 
strengths, whereas the gravitational instantons are normally characterized by self- 
dual or anti-self-dual curvature. There are also examples of gravitational instantons 
which are not self-dual, those are the Euchdean version of Schwarzschild and Kerr 
metrics. The four dimensional Riemanninan manifolds {Ai, Qab) for gravitational 
instantons can be asymptotically locally Euclidean (ALE) or asymptotically locally 
fiat (ALF) or compact without boundary. ALF spaces are asymptotically fiat 
in three spatial directions and periodic in imaginary time direction. One of the 
example of such spaces is the multi Taub-NUT solution of Hawking [5] . The ALE 
class of solutions are fiat at infinity in the four dimensional sense modulo the 
identification under a discrete subgroup of S'0(4). The simplest nontrivial example 
of ALE space is the Eguchi-Hanson solution. Multi-instanton solutions of Gibbons 
and Hawking [6] also fall under this class. The complex projective space CP^ 
is an example of compact, anti-self- dual instanton [7], so it solves the Einstein 
equation with a cosmological constant term. The other interesting example of 
compact manifold is the K3 space, where the metric is not known explicitly. All 
these solutions have locaUized gravitational field, hence are not asymptotically fiat. 
There are two topological invariants associated with these solutions, namely the 
Euler characteristic x ^^'^ the Hirzbruch signature r, which can be expressed as 
integrals of the curvature of a four dimensional metric. 
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Rabcd R^^^^ e''^/ e^'^gh^/gd^x + surface terms 
Robed R°'^ef ^^'^^^ y/gd^x + surface terms 



(1) 



The topological invariants are also related to nuts (isolated points) and bolts 
(two surfaces), which are the fixed points of the action of one parameter isometry 
groups of gravitational instantons. For example, the Euler number x is the sum 
of the number of nuts, the number of antinuts and twice the number of bolts 
while the signature r is the number of nuts minus the number of anti-nuts. ALE 
instantons have been found explicitly by Gibbons and Hawking [6] and they are 
known implicitly through the work of Hitchin [8] , where Penrose's twistor technique 
is used. 

There is a fundamental "triplet" of self dual solutions in Euchdean gravity [9]. 
These are the metric of Eguchi-Hanson, self dual Euclidean Taub-NUT metric and 
the Fubini-Study metric on CP^. 

The Eguchi-Hanson metric is given by [10], 



In terms of the Euler angles 9, (j) and V', the differential one forms ai are expressed 



ds 



' = -^dr' + r' (a,2 + a/) + r\l - ^) a,' 

1 7-4 



(2) 



as. 



y 



(sin i/jdO — sin 9 cos 'i(jd(f)) , 
(— cos iljd9 — sin 9 sin tl^dcf)) , 
{dip + cos 9d4)) 



(3) 
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So the Eguchi-Hanson metric in terms of Euler angles is given by, 

1 2 4 2 

ds^ = ^dr^ + ^{1 - ^){dilj + COS ed(j)f + ^{d9^ + sin^ ed(j)^) (4) 

This metric has a single bolt, which is a removable singularity provided ip lies 
in the range < ip < 27r. The manifold has x = 2 and signature r — —1. The 
self-dual Euclidean Taub-NUT solution of Hawking is given by, 

ds^ = ^(^^)dr2 + m2(^^)((iV^+cos^#)2 + i(r2-m2)(d^2^sin2^(i02) (5) 

This metric has a single nut singularity which is again removable. The manifold 
has X = 1 and signature t — 0. Both the Eguchi-Hanson and Taub-NUT metrics 
are noncompact and they satisfy Euclidean empty space Einstein equation and 
have self-dual Riemann curvature, where the dual of the Riemann tensor Rijkm is 
defined as. 

If the curvature tensor satisfies the condition, 

*Rijkm ~ '^Rijkm-i C^) 

then it is said to be self-dual or anti self-dual depending on the sign on r.h.s. 

The third member of the "triplet" self-dual family is the Fubini-Study metric 
on CP^. The metric is given by [7], 

dv^ 

ds^ = r^H ^^(# + cos^(i0)2 + ^idO'^ + sm^ 9 dcf)'^) (8) 

where, A is the cosmological constant. So this metric satisfies Einstein's equation 
with a cosmological constant term and has an anti self-dual Weyl tensor, where 



the anti-self-duality condition is given by, 

Ca(3-i5 = —l2^a(3tJ.vC^^^§ (9) 

This manifold is compact without boundary having x — ^ ^^'^ r — 1. The metric 
has a nut as well as a bolt type singularity. These three metrics constitute the 
fundamental triplet of self-dual solutions in Euclidean gravity. All these metrics 
are actually derivable from a more general three parameter Euchdean Taub-NUT 
de Sitter metric through some limiting procedure [9]. 

The general Taub-NUT de Sitter (TND) metric is given by, 



ds' = V + ip' - L'){al + al) + ^^^al (10) 

where, 

A = p2 _ 2Mp + l2 + + 2L2p' - \p^) (11) 

If we set, 

in the above (TND) and put A = and then take the limit L — > oo with 
r'^ — — held fixed, then we get back our Eguchi-Hanson (E-H) metric. By 
putting A = and M = L in TND, we get the self-dual Taub-NUT (TN) metric. 
CP^ is also derivable by setting [7], 
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M = L(l + \aL^) (13) 

This ensures that the metric has a right (or left) flat Weyl tensor. One then takes 
the hmit L — > oo and introduces a new radial coordinate r, deflned by, 

^2 



(1 + gH) 



It is possible to extend the TND space having four bolt type singularities to a 
complete, nonsingular, Riemanninan space with one nut and one bolt, only by 
taking the singular limit as L — > oo. 

These triplet of self-dual solutions can be regarded as special cases of string 
analogue of gravitational instanton backgrounds with dilaton $ = and anti- 
symmetric tensor fleld Bj^i, — 0. New solutions in string theory can be found by 
performing a T-duality transformation on the pure gravitational instanton solu- 
tions [11]. 

The original and the dual backgrounds are related through the following ex- 
pression, 
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Gtt t) _ Gti 

B ■ '^^ ~ r ' 

^ _ J^Tl Utt /-, r\ 

^Ti — r< '' r n — n n ^ ' 

^TT p D '^TlJ^TJ '^TjJ^Tl 

ri _ n '^Ti'^Tj ^ti-Dtj LrrT 



G-r 



$ = $-^logG',, (16) 

We can see from expression (10) that the components of the general Taub-NUT 
de Sitter metric are independent of ^0 or coordinates. We now write down the 



corresponding new solutions in string theory by using the isometry of the original 
Taub-NUT solution as well as the triplet solutions. We exphcitly check that the 
T-dual of the fundamental self-dual triplet solutions are again obtained from the 
dual Taub-NUT de Sitter solution through a similar singular limiting procedure. 
We then discuss about the self-duality of the new solutions. 

Using the isometry in the ip direction, the dual of Taub-NUT de Sitter solution 
is obtained to be, 



Bm^cosO; (17) 



$ = — lo. 



1. . L^A 



2 "-'p^-L^' 



Next, we shall write down the T-dual of Eguchi- Hanson, self-dual Taub-NUT 
and Fubini-Study metric on CP^ using the isometry in ijj direction and check 
that they too can be obtained from the dual TND solution through the limiting 
procedure as in the pure gravity case. 

T-dual of the self-dual Taub-NUT solution is given by, 

4 p — m m^[p — m.) 4 
B^^^cosO; (18) 



~ 1 m?{p-m) 

^ = - olog ^ 

2 p + m 
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T-dual of Eguchi-Hanson is given by, 



-6^0 = cos ^; (19) 
^ = -2log[j(l-^)] 



Finally, the T-dual of CP^ is given by. 



I All)2 2 

B^^ = cosd- (20) 
1 

$ = --log[ 



2 ^^4(1 + ^)2^' 

These are the new gravitational instanton solutions in string theory and all 
of them are diagonal. These solutions satisfy the string back ground equations 
of motion derived from the four dimensional low energy effective action. Duality 
transformation on the CP^ solution with constant dilaton and nonzero gauge field 
has been discussed in ref.[12]. Now the dual E-H solution is again obtained from 
the dual TND solution by setting. 



a 
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AL2, 



A = 0; M=L(l + ^ + ^) (21) 

and taking the singular limit L — > oo with r"^ = — held fixed. Dual of 
self-dual Taub-NUT solution is obtained by setting A = and M — L. Finally, 
T-dual of is obtained from the dual TND solution by setting M = L(l + ^) 
and taking the singular limit L — > oo with — = — ''-^^ held fixed. The 



component of the anisymmetric tensor field is same in all the three solutions as 
well as in the T-dual TND solution. Dilaton $ is also derived from the dual TND 
solution through the singular limit procedure. For example, to obtain the dilaton 
field $ in the dual CP'^ theory from the dual TND solution, we again have to take 
L — > oo limit with — L? — — ^ . '> held fixed. 

A simple calculation shows that for CP^, as L — >■ oo and with the new radial 
coordinate r. 



L^A — > ^^-r^ (22) 

4(1 + ^)3 ^ ^ 
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This gives. 



^ 1, . i^'A 



2^V2_2^2^ 

^^--llogf 1 (23) 

2 ^U(l + Ari)2J 

Similarly, for Eguchi- Hanson we can express A as an expansion in 



Therefore, 



^™"^--^log(^(l-^)) ^2^^ 

Unhke the triplet solution in Euclidean gravity, not all these dual triplet so- 
lutions are self-dual, which can be verified from the self-duahty condition. The 
thing to note here is that, we have written down all these new dual solutions in 
string frame. The corresponding solutions in Einstein frame can be obtained by a 
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conformal transformation involving the dilaton field. The metrics in two different 
frames are related in the following fashion: 



G^,.^e-'^Gl, (25) 



The dual E-H metric in Einstein frame is given by, 

ds^ = dilj'^ + j(ir2 + ^r^(l - + sin^ Qdcj)'^) (26) 

But we find that this metic is not self-dual as the Riemann tensor does not 
satisfy the self-duality condition given previously. On the otherhand, if we use the 
isometry in the (j) direction, then the dual Eguchi-Hanson solution is given by. 



o 4 , rfr2 r2 , r2sin2^(l-^) „ 

dSlrr = J d(t)^ + 4 + —de^ + J ^d^^ 

^ r2(l-^cos2^) 1-^ 4 4(l-^cos2^) 

(l-^)cos^ _ (27) 
^'^"(l-^cos2^)' 

|.= -Il0g[^(l-^C0S2^)] 



This dual metric is again obtained as a limit of the dual TND solution (where 
the duality transformation is performed w.r.t. the isometry) and the resulting 
expression is given by, 
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(p2-L2)2sin2^ + 4L2Acos2^ ' 
~ _ 4L2Acos^ 

~ (p2 - L2)2 sin2 e + 4L2 A cos2 e ' 
~ 1 ,(/92-L2)2sin2^ + 4L2Acos2^^ 
^ = -2^°s[ 4(7^L^^ 

(28) 

We check that the antisymmetric tensor field and dilaton are also obtained 
from the above metric in the singular We then transform the dual E-H metric to 
Einstein frame, which is given by, 



9 9 r (i — -rcos c/i o r , a o . o 1 /i o . a . o 

dsl_H = 4) + 16 - ^^^^ + -/ ^^'^'^ 

(29) 

This metric is Ricci fiat and the self-duahty condition is satisfied, moreover 
the killing vector field is self-dual. On the otherhand, the self-duality condition is 
violated if we use the isometry to obtain the dual E-H solution. This is also true 
because the original E-H metric belongs to the KSD subclass [13], where the metric 
is determined completely in terms of a single scalar field which satisfies the three 
dimensional Euclidean Laplace equation. This happens only w.r.t the killing vecor 

not w.r.t. The story for the dual Taub-NUT solution is opposite. Here the 
solution obtained by using the isometry, turns out to be self-dual. Again this 
is valid when we transform the metric to Einstein frame, as in the Eguchi-Hanson 
case. On the otherhand, the solution obtained by using the isometry in direction 
is given by (in Einstein frame), 

11 



df = #2 + + mf SIT? e + W cos^ OUr^ + -^[(r^ - m^)^ sin^ 6*+ 

16 ^ 16 (30) 

Arr?{r - mf' cos^ 9]d9^ + -m^(r - m)^ sin^ Od'^P' 

and this solution is not self-dual. 

The dual CP^ solution w.r.t. isometry is given by, 



. 4(l + ^r2) „ 1 , r2 , 



r2sin2 6' 2. 
4(l + 4r2)(l + A^2sin2 ^) ^ ' 

~ cos^ 



(31) 



(l + fr2sin2 ey 



l» = — log[ 



1 r2(l + A^2gi^2^x 
- log ? 

2 4(1 + A,2)^ 
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This solution as well as the one obtained by using the (f) isometry are not anti-self- 
dual. 

The originl self-dual solutions (E-H and Taub-NUT) we considered here are 
actually the Gibbons-Hawking multi-center metric, given by the expression, 

ds^ = "l/-i(x)((ir + • (ix2)2 + y(x)dx • dx (32) 

where, dx • dx denotes the three dimensional Euclidean metric and V and uj are 
related by, 

Vy = V X a; (33) 

This condition ensures the curvature is self-dual. Actually this implies that V 
satisfies the 3 dimensional Laplace equation and its solution determines the metric 
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completely. The most general form of the solution is given by, 



n 




(34) 



X 



i=l 



where, e and are arbitrary paramers. We take all the m^s to be identical, so 
that the singularity of the four dimensional manifold is removable. For e = 1, one 
obtains the multi-Taub-NUT metrics, where the self-dual Taub-NUT solution we 
have considered here, corresponds to the n — 1 case. The choice e = corresponds 
to the multi-centre Gibbons-Hawking metric, where n = 1 corresponds to fiat 
space and n = 2 corresponds to the 2-center Gibbons-Hawking metric, which is 
equivalent to the Eguchi-Hanson metric through a coordinate transformation given 
by Prasad [14] . The dual of the multi-center metric is actually a conformally fiat 
metric given by (where the killing vector is ^), 



The conformal factor is e and hence the corresponding Einstein metric is fiat. 
This is what we observed for the Eguchi-Hanson case as well as in the Taub-NUT 
case (in Eguchi-Hanson case, the coordinate transformation interchanges the role of 
ip and (f) and isometry in r direction is same as isometry in direction). Also it has 
been noticed before [15] that the dual of multi-Taub-NUT solution is same as the 
multi-monopole solutions obtained by Khuri [16]. So the multi-monopole solutions 
can also be derived from the dual TND solution in a particular singular hmit. CP^ 
metric does not belong to the multi-centre Gibbons-Hawking type of ansatz as the 
manifold is compact, hence the metric is not obtained from the solution of the 



y(x)((ir2 + dX^ + dY^ + dZ^) 



(35) 
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three dimensional Laplace equation. The isometry here is a combination of the 
socalled "translational" and "rotational" killing symmetry. It has been shown in 
ref.[17]that the ALE instantons and the multi Taub-NUT instantons are related 
through a combination of T — S — T duality transformation (more precisely through 
Ehlers transformation) and the corresponding solutions are self-dual w.r.t. the 
translational isometry, but not w.r.t. the rotational isometry. A class of axionic 
instanton solutions and their supersymmetric extensions have been discussed in 
ref. [18] where under T-duality, certain hyper-Kahler metrics which are solutions 
of the Laplace equation are mapped to quasi-Kahler backgrounds satisfying the 
continual toda equations. 

In this paper, we have investigated the self-dual "triplet" solutions in pure 
gravity. Using the target space duality symmetry in string theory, we have ob- 
tained new gravitational instanton solutions which are the dual Eguchi-Hanson, 
self-dual Taub-NUT and CP^ solutions and they are consistent backgrounds for 
string propagation. We show that these dual triplet solutions can be obtained from 
the dual Taub-NUT de Sitter solution through a limiting procedure analogous to 
the pure gravity case. We also observe that the self-duahty condition for the dual 
solutions depends on the particular isometry of the original metric. Out of the 
three dual triplet solutions, E-H and Taub-NUT solutions are found to be self-dual 
in Einstein frame, whereas the dual CP^ solution we have obtained here is not 
self-dual w.r.t. any of the isometrics of the original metric. One also obtains the 
dual Schwarzschild de Sitter solution as a limit of the dual TND, where one gets 
the standard metric on x 5"^, which is compact, but does not satisfy the half-flat 
condition. 
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